We assess the viability of successful reconstruction of the evolution of the dark energy equation of state using varying fundamental couplings, such as the fine structure constant or the proton-toelectron mass ratio. We show that the same evolution of the dark energy equation of state parameter with cosmic time may be associated with arbitrary variations of the fundamental couplings. Various examples of models with the same (different) background evolution and different (the same) time variation of fundamental couplings are studied in the letter. Although we demonstrate that, for a broad family of models, it is possible to redefine the scalar field in such a way that its dynamics is that of a standard quintessence scalar field, in general such redefinition leads to the breakdown of the linear relation between the scalar field and the variation of fundamental couplings. This implies that the assumption of a linear coupling is not sufficient to guarantee a successful reconstruction of the dark energy dynamics and consequently additional model dependent assumptions about the scalar field responsible for the dark energy need to be made.
I. INTRODUCTION
More than one decade ago type Ia supernovae observations suggested, for the first time, that the expansion of the universe is accelerating [1, 2] . Since then, increasingly precise cosmological observations [3] [4] [5] led to a well tested cosmological model presently dominated by an exotic dark energy form, violating the strong energy condition. In fact, if General Relativity is valid on large cosmological scales then dark energy [6] [7] [8] [9] [10] [11] provides the only convincing explanation for the observed acceleration of the universe. Understanding the nature of dark energy is therefore one of the most important challenges of modern cosmology with one of the primary goals being determining whether its energy density is constant or slowing varying (see [12] [13] [14] [15] [16] for recent dark energy reviews). A fundamental problem associated to a cosmological constant is that its magnitude is constrained to be much smaller than particle physics predictions. On the other hand, it is also not clear if there is a deep physical reason which explains why it became the dominant component of the Universe just around the present day [17] .
An arguably better motivated alternative to the cosmological constant is the possibility that dark energy might be described by a dynamical scalar field. One important parameter characterizing dynamical dark energy is its equation of state, the ratio w between the dark energy pressure and energy density. Constant w models are unrealistic unless w = −1, which corresponds to the cosmological constant case [18, 19] . Hence, a measure of w = −1 at any redshift or redshift band should be indicative of dynamical dark energy. Considerable efforts are being put forward to constrain the dynamics of w at low redshifts (see [20] for expected future developments with the Euclid mission) using type Ia supernova, galaxy clustering or weak lensing. These are indirect probes which rely on the impact of dark energy on the overall dynamics of the universe. However, dark energy is expected to become subdominant at early times and, consequently, it is not possible to strongly constrain its dynamics at high redshift using standard methods.
Still, in realistic models, dynamical scalar fields may couple to other fields, possibly leading to measurable variations of nature's fundamental "constants" [21] . The coupling between a quintessence field and fundamental couplings such as α or µ has been investigated by several authors [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . The dynamics of α over the redshift range z = 0 − 10 10 is severely constrained using using both cosmological and laboratory experiments (see [37] for a recent review). At low redshifts laboratory experiments [38, 39] and the Oklo natural nuclear reactor [40] [41] [42] provide very stringent limits on the time-variation of α and µ, while at high redshift cosmic microwave background temperature and polarization anisotropies [43] [44] [45] [46] [47] [48] and light element abundances [44, 49, 50] constrain the value of α at z ∼ 10 10 and z ∼ 10 3 to be within a few percent of its present day value. Despite a few positive claims for a detection of a variation of the fine-structure constant α [51, 52] or the proton-to-electron mass ratio µ [53, 54] in the redshift range z = 1 − 4, and the more recent claims for a significant spatial variation of α [55, 56] , there is presently no unambiguous evidence for such variation (see, for example, [57] [58] [59] for some strong negative results). Nevertheless, it has been shown that varying couplings may be used to determine the evolution of the dark energy equation of state over a larger redshift range than standard methods, if a number of conditions are verified [31, 33] . These are: i) that the dark energy can be described by a standard quintessence field; ii) that the relation between the quintessence field and varying fundamental couplings is linear; iii) that such variations are within reach of forthcoming experiments. In this letter we shall relax assumptions i) and ii) and consider more general k-essence models for dark energy, thus testing the robustness of the varying fundamental couplings method for the reconstruction of the evolution of the dark energy equation of state.
Throughout this letter we shall use units with c = 8πG/3 = H 0 = 1 and a metric signature (+, −, −, −).
II. DYNAMICS OF VARYING COUPLINGS
Consider a class of models described by the action
where L is given by
and
a comma represents a partial derivative, B F (φ) is the gauge kinetic function, F µν are the components of the electromagnetic field tensor and L other is the Lagrangian of the other fields. The fine-structure constant is then given by
and, at the present day, one has B F (0) = 1 (where the subscript '0' refers to the present time ).
We shall also make the crucial assumption that the gauge kinetic function is a linear function of φ so that one has
where β is a constant and φ 0 = 0. In the case of the standard quintessence model, the variations of the fine structure constant associated L φF are very small given Equivalence Principle constraints [60] . For simplicity, we shall neglect the contribution of this term to the dynamics of φ. This will not affect the conclusions of the letter. The energy-momentum tensor associated with the scalar field φ may be written in a perfect fluid form
by means of the following identifications
so that the equation of state parameter is given by
and, if L φ,X = 0, the sound speed squared is
In Eq. (8), u µ is the 4-velocity field describing the motion of the fluid (for timelike φ ,µ ), while ρ φ and p φ are its proper energy density and pressure, respectively. The equation of motion for the scalar field is now
In this letter we consider a flat homogeneous and isotropic Friedmann-Robertson-Walker universe, permeated with minimally coupled matter and dark energy fluids. The dark energy is assumed to be described by the scalar field φ. If c 2 sφ is sufficiently large then the spatial variations of φ may be neglected in Eq. (13) [61] [62] [63] [64] . In this case the dynamics of the universe is described by
where the universe is assumed to be flat, the subscript '0' stands for the present time, H =ȧ/a is the Hubble parameter with the dot representing a derivative with respect to physical time t, the time unit is chosen such that H 0 = 1, ρ m is the matter density, ρ φ is the dark energy density, p φ is the dark energy pressure, a is the scale factor with a 0 = 1, and a prime represents a derivative with respect to y = ln a. We shall assume, for simplicity, that the parameters w φ0 , Ω m0 = ρ m0 are known a priori (in a flat universe filled with dark matter and dark energy Ω φ0 = ρ φ0 = 1 − Ω m0 ). This implies that the system constituted by Eqs. (14) and (15) 
III. MODELS WITH THE SAME w φ AND ∆α/α
A. Model I
If X is a small quantity, compared to the energy density associated with the scalar field potential, then a generic Lagrangian is expected to admit an expansion of the form
where V and U are real functions of φ. For simplicity, here we shall consider that V ≥ 0 and U ≥ 0 and neglect terms of order two or higher in X so that the Lagrangian in Eq. (17) is simply given by
If U X/V ≪ 1 then
On the other hand c 2 sφ = 1. Eq. (18) can also be rewritten as
where
which implies that, in general, if ∆α/α is linear in φ then it must be non-linear in ψ. Consequently, the assumption that ∆α/α is linear in ψ would lead to a biased estimation of the evolution of ψ with redshift.
B. Model II
Another example comes from the tachyon Lagrangian
which has been proposed as a unified model for dark matter and dark energy (see [64] [65] [66] for a discussion of linear and non-linear aspects of unified dark energy models).
In [19] it has been shown that this model is dual, at the background level, to a comological model with both dark matter and a quintessence scalar field described by a standard Lagrangian
with dψ/dφ = ±H(−3ψ/2H ,ψ ) 1/2 , so that the background dynamics is the same for both models (here it is implicitly assumed thatψ > 0 and H ,ψ < 0 or vice versa). Hence
which, analogously to the previous example, also implies that if ∆α/α is linear in φ then it must be non-linear in ψ, except if H was constant. Again, the assumption that ∆α/α is linear in ψ would bias the reconstruction of the dynamics of ψ.
In both models I and II we consider a correspondence (in the case of model II only at the background level) between cosmological models where time variations of fundamental couplings, such as α or µ, are linearly coupled to a k-essence dark energy scalar field and a model where such variations are non-linearly coupled to a standard quintessence scalar field. Due to the non-linearity of the coupling, local Equivalence Principle constraints [60] on the value of β do not necessarily apply at larger redshifts. This implies that the use of local (zero redshift) limits on the dark energy equation of state parameter or the time variation of fundamental "constants" to constrain the variation of fundamental couplings at higher redshifts is model dependent. Hence, many of the results presented in [32, 67] relating local and cosmological variations of fundamental couplings, which apply to the standard case where the variation of fundamental parameters is driven by a linear coupling to a quintessence scalar field, need to be relaxed in the case a generic kessence scalar field.
IV. MODELS WITH THE SAME w φ AND DIFFERENT ∆α/α
Consider the theory with the Lagrangian
where ǫ ≥ 0. Eq. (15) can then be written as
where y = ln a. If ǫ = 0, and considering the case with φ = √ A y where 0 ≤ A < 1 is constant, one obtains
Using Eq. (16), the equation of state parameter becomes
with
Here we shall assume that the evolution of w φ is fixed so that Eqs. (27) and (28) remain valid for any value of ǫ. Hence, if ǫ = 0 it is no longer true that φ 2 ,y = A as in the ǫ = 0 case. Instead, one obtains
where H 2 is given by Eq. (14) and ρ φ is given by Eq. (27) . The value of φ may now be computed by numerically integrating Eq. (30). If ǫ ≪ 1 then
up to first order in ǫ.
The left panel of Fig. 1 shows the evolution, as a function of the redshift z = 1/a − 1, of the value of φ = ∆α/(βα) obtained using Eq. (30) for ǫ = 0 (solid curve), ǫ = 1 (dashed curve), ǫ = 5 (dot-dashed curve) and ǫ = 10 (dotted curve). It was assumed that w φ0 = −0.99, Ω m0 = 0.27 and A = (w φ0 + 1)(1 − Ω m0 ). Fig. 1 shows large differences in the evolution of α, despite the fact that the dark energy equation of state parameter w φ (z) is the same for all models (given by Eq. (28) and displayed in Fig. 2 (solid curve) ). These results imply that the evolution of w φ does not uniquely determine the evolution α (or other fundamental parameters), even in the case of a linear coupling.
V. MODELS WITH THE SAME ∆α/α AND DIFFERENT w φ
Consider again the Lagrangian given in Eq. (25) so that Eq. (26) describes the evolution of the energy density of the scalar field. At present the hints for a variation of α or µ with redshift remain controversial and, consequently, there is no strong reason to consider one possible variation over another. Let us assume that φ is a linear function of y given by φ(y) = √ Ay with fixed 0 ≤ A < 1. We shall use this function, containing only the first non-trivial term of the usual polynomial expansion of φ in powers of y, as an example of a model where the same variation of the fine structure constant with redshift may be associated with very different evolutions of the equation of state of dark energy. The energy density associated with the scalar field φ may be written as
whereρ φ is equal to the scalar field energy density given by Eq. (27) . The evolution of ρ φǫ may computed using Eq. (26) and is given by
up to zeroth order in ǫA. The solution is given by
Here, C 1 is such that the condition ρ φǫ0 = 0 is verified (so that ρ φ0 =ρ φ0 = Ω φ0 ). We have verified numerically
The evolution w φ with redshift z obtained using Eq. (39) with various values of ǫ: ǫ = 0 (solid curve), ǫ = 1 (dashed curve), ǫ = 5 (dot-dashed curve) and ǫ = 10 (dotted curve). The evolution of φ = ∆α/(βα) with z is the same for all models.
that, for ǫA ≪ 1, Eqs. (32) and (34) provide an excellent approximation to the true result, at least while w φ remains smaller than zero. The corresponding equation of state has the form
wherew φ is the equation of state parameter given by Eq.
Hence,
so that w φ0 ∼w φ0 (note that for ǫ = 10, Ω m0 = 0.27 andw φ0 = −0.99 one has w φ0 −w φ0 = 7 × 10 −4 ). We have verified both analytically and numerically that, for ǫA ≪ 1, the results obtained considering that φ(y) = √ Ay (with fixed A, so that w φ0 is given by Eq. (41)) are an excellent approximation to those which one would find if w φ0 had been fixed exactly. Fig. 2 shows the evolution w φ with redshift z obtained using Eq. (39) with ǫ = 0 (solid curve), ǫ = 1 (dashed curve), ǫ = 5 (dot-dashed curve) and ǫ = 10 (dotted curve). Again, it was assumed that w φ0 = −0.99, Ω m0 = 0.27 and A = (w φ0 + 1)(1 − Ω m0 ). Fig. 2 shows that the same evolution of α may be consistent with many different dynamics of w φ , depending on the k-essence model which describes the dynamics of the dark energy scalar field. Again, this is true even in the case, considered in the present letter, where φ is linearly coupled to ∆α/α.
VI. CONCLUSIONS
Despite the good prospects for a significant improvement of the constraints on the variation of α and µ in the coming years, particularly with forthcoming data to be obtained with the ESPRESSO and CODEX spectrographs, respectively for the VLT and E-ELT [68] , the relevance of a future unambiguous determination of such variation for the reconstruction of the dark energy dynamics depends crucially on the dark energy being described by a standard quintessence scalar field linearly coupled to the variation of α and µ. In this letter, we relaxed this assumption and considered dark energy models where the dark energy role is played by a more generic kessence scalar field. We have shown that, in general, there is not a one-to-one correspondence between the evolution of the dark energy equation of state and the evolution of varying fundamental couplings. This is true even if the evolution of the dark energy scalar field is assumed to be linearly coupled to varying fundamental couplings such as α and µ. Hence, additional knowledge about the scalar field lagrangian describing the dynamics of dark energy is required for a successful reconstruction of the equation of state of dark energy using varying couplings. It is crucial that this is taken into account in any future attempt of dark energy reconstruction using varying couplings.
In particular, if the evolution of α and µ is confirmed unambiguously by future data then it needs to be consistent with the very stringent low redshift bounds [38] [39] [40] [41] [42] . In this case, an important test to the usual assumption of a canonical kinetic term with a linear coupling (see, for example, [34] ) could be made, for redshifts in the range z = 1 − 4, by verifying whether or not the data turns out to be consistent with a null evolution with redshift of the ratio α/µ. Also, a comparison (at relatively low redshifts) between the inferred dark energy dynamics using varying couplings and using standard methods, such as type Ia supernovae, galaxy clustering or weak lensing, should be possible with future data from the Euclid Mission. Furthermore, although it has been demonstrated that if the combined dynamics of dark energy and varying couplings is described by a standard quintessence field then the spatial variations of the couplings would be negligible [61] [62] [63] [64] , a large sample of quasar absorption line spectra obtained using Keck telescope observations and new Very Large Telescope data has now been shown to be consistent with a dipolar spatial variation of the fine structure constant [55, 56] . Hence, if the interpretation of these results as evidence for the spatial variation of α turns out to be true then the models connecting the dynamics of dark energy to the evolution of fundamental parameters of nature will need to be further revised to take into account, for example, the role of cosmic domain walls in seeding spatial fluctuations of fundamental couplings such as α or µ [69] [70] [71] [72] [73] [74] .
